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Abstract

This paper presents an analytical and numerical study on the heat transfer characteristics of forced convection across

a microchannel heat sink. Two analytical approaches are used: the porous medium model and the fin approach. In the

porous medium approach, the modified Darcy equation for the fluid and the two-equation model for heat transfer

between the solid and fluid phases are employed. Firstly, the effects of channel aspect ratio (as) and effective thermal
conductivity ratio (~kk) on the overall Nusselt number of the heat sink are studied in detail. The predictions from the two
approaches both show that the overall Nusselt number (Nu) increases as as is increased and decreases with increasing ~kk.
However, the results also reveal that there exists significant difference between the two approaches for both the tem-

perature distributions and overall Nusselt numbers, and the discrepancy becomes larger as either as or ~kk is increased. It
is suggested that this discrepancy can be attributed to the indispensable assumption of uniform fluid temperature in the

direction normal to the coolant flow invoked in the fin approach. The effect of porosity (e) on the thermal performance
of the microchannel is subsequently examined. It is found that whereas the porous medium model predicts the existence

of an optimal porosity for the microchannel heat sink, the fin approach predicts that the heat transfer capability of the

heat sink increases monotonically with the porosity. The effect of turbulent heat transfer within the microchannel is next

studied, and it is found that turbulent heat transfer results in a decreased optimal porosity in comparison with that for

the laminar flow. A new concept of microchannel cooling in combination with microheat pipes is proposed, and the

enhancement in heat transfer due to the heat pipes is estimated. Finally, two-dimensional numerical calculations are

conducted for both constant heat flux and constant wall temperature conditions to check the accuracy of analytical

solutions and to examine the effect of different boundary conditions on the overall heat transfer.

� 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The high-power density and compactness of next

generation electronics requires efficient cooling methods

for heat dissipation in order to maintain the electronics

at acceptable temperature levels, e.g., below 100 �C.
Microchannel heat sinks as illustrated in Fig. 1 have

emerged as one of the effective cooling techniques, ap-

parently first proposed by Tuckerman and Pease [1,2]

for electronics cooling. They built a water-cooled inte-

gral heat sink with microscopic flow channels, and

demonstrated that extremely high-power density with a

heat flux as high as 790 W/cm2 could be dissipated.

Following the work of Tuckerman and Pease, much

research has been conducted for microchannel heat

sinks, as reviewed by Phillips [3]. In most of these

studies, the fin approach is employed. As well known,

the fin approach is an effective tool to analyse the

transport of heat in a number of practical applications,

and has been used recently to study the heat transfer

properties of open-celled metal foam and honeycomb

heat sinks [4–6]. However, because the fin approach is

based upon the assumption that the fluid temperature

is uniform in the direction perpendicular to coolant

flow, the range of its validity is limited. Knight et al. [7]

used empirical correlations to evaluate the performance

of a microchannel heat sink, and found that its ther-

mal resistance could be reduced by 35% compared to
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that obtained by Tuckerman and Pease with the fin

approach [1].

On the other hand, Koh and Colony [8] modelled the

microchannels as a porous medium by using Darcy’s

Nomenclature

a width of channel

~aa wetted area per volume

A area

b height of triangular grooves

Bi Biot number ¼ ht=ks
~BBi equivalent Biot number in porous medium

model, h~aaH 2=ð1� eÞks
Cf heat capacity of fluid

Da Darcy number, K=H 2

Dh hydraulic diameter of channel, 2ta=ðt þ aÞ
h interfacial heat transfer coefficient

h overall heat transfer coefficient

H channel height

kf thermal conductivity of fluid

kfe effective thermal conductivity of fluid, ekf
ks thermal conductivity of solid

kse effective thermal conductivity of solid,

ð1� eÞks
~kk effective thermal conductivity ratio,

ekf=ð1� eÞks
K permeability

L length of heat sink

_mm mass flow rate

Nu1 interfacial Nusselt number for fully devel-

oped flow in microchannel, hDh=kf
Nu overall Nusselt number

Numax optimised overall Nusselt number

p pressure

P dimensionless pressure in porous medium

approach

qw heat flux over bottom surface

s pitch of triangular grooves

t width of channel plate

T temperature

T0 inlet fluid temperature

TL outlet fluid temperature

Tw bottom wall temperature

u velocity

um mean fluid velocity

U dimensionless velocity

W width of heat sink

Y dimensionless vertical coordinate, y/H

h if volume-averaged value over fluid region

h is volume-averaged value over solid region

Greek symbols

as aspect ratio of microchannel, H=a
e porosity

eopt optimised porosity

qf density of fluid

hf dimensionless temperature of fluid

hs dimensionless temperature of solid

/ angle of triangular grooves

lf viscosity of fluid

Subscripts

b bulk

f fluid

m mean value

s solid

w wall

Fig. 1. Microchannel heat sink: geometry and definitions.
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law to describe the flow. More recently, Kim and Kim

[9,10] analysed laminar heat transfer in microchannel

heat sinks by using the modified Darcy model for fluid

flow and two-equation model for heat transfer. The

uniform fluid temperature assumption invoked in the fin

approach is thus relaxed so that the temperature dis-

tributions of both solid and fluid along both the flow

and transverse directions can be obtained. The analyt-

ical solutions of Kim and Kim [9,10] were shown to be

in good agreement with the closed-form solution for the

velocity distribution and the numerical solutions for the

conjugate heat transfer problem. However, Kim and

Kim did not carry out a systematic study on the effects

of important parameters such as the channel aspect

ratio, effective thermal conductivity ratio and porosity

on the overall thermal performance of a microchannel

heat sink, and their analysis is limited to laminar flow

under the constant heat flux boundary condition. Fur-

thermore, for the constant wall temperature boundary

condition, it is difficult to solve the problem analytically

based on the porous medium model, and hence a nu-

merical approach is needed.

In a typical microchannel heat sink (Fig. 1), heat is

removed mainly by conduction through solid and then

dissipated away by interfacial convection. It is therefore

expected that heat dissipation will be enhanced by in-

creasing the solid conductivity. It is well known that

microheat pipes are capable of dramatically enhancing

the heat transfer in electronic devices. Cotter [11] is the

first to introduce the concept of microheat pipe where

the mean curvature of the vapour–liquid interface is of

the same magnitude as the reciprocal of the hydraulic

radius of the total flow channel. A microheat pipe is

commonly defined as a wickless, noncircular channel

with a hydraulic diameter of 10–500 lm and a length of
about 10–20 mm. With recent development in micro-

manufacturing, microheat pipes can be fabricated on

both surfaces of a microchannel by using, e.g., the va-

pour deposition technique [12,13]. A new type of heat

sink combining microchannels and microheat pipes is

therefore possible, and its heat transfer characteristics

need to be studied.

The main objectives of the present paper are as fol-

lows: (1) compare the analytical solutions obtained with

both the fin approach and the porous medium model,

and hence examine the validity of the fin approach for

microchannel heat sinks; (2) study the effects of channel

aspect ratio (as), effective thermal conductivity ratio (~kk)
and porosity (e) on the overall heat transfer coefficient of
a microchannel heat sink, and obtain the optimal po-

rosity for maximum heat dissipation; (3) estimate the

effect of turbulent heat transfer; (4) calculate the heat

transfer augmentation of the microchannel heat sink

incorporating microheat pipes; (5) conduct two-dimen-

sional (2-D) numerical calculations for two different

boundary conditions––constant heat flux and constant

wall temperature, and compare with the corresponding

analytical solutions.

2. Problem definition

The problem considered is forced convective flow

through a microchannel heat sink as shown in Fig. 1(a).

Each channel has a height H, width a, length L, and

the thickness of the channel plate is t, (see Fig. 1(b)). The

direction of fluid flow is parallel to the x-axis. The

bottom surface (y ¼ 0) is kept either at constant tem-
perature (Tw) or constant heat flux (qw), and the top
surface (y ¼ H ) is insulated. It is assumed that the width
of the heat sink,W, is much larger than either a or t, and

hence the focus of the analysis will be placed on a sin-

gle channel. Furthermore, both the fluid temperature

Tfðx; yÞ and the solid plate temperature Tsðx; yÞ are av-
eraged over the width of the channel so that the problem

can be effectively reduced to a 2-D one.

Fully developed heat and fluid flow are assumed in

the analysis, and the thermal physical properties, e.g.

thermal conductivity, density and viscosity, are taken to

be temperature independent. The analysis will initially

be limited to laminar heat transfer, but will be extended

later to include the effect of turbulent flow due to surface

roughness or high Reynolds numbers.

3. Fin approach

3.1. Constant wall temperature

The fin theory applied to the microchannel heat sink

is actually a one-dimensional steady-state heat conduc-

tion problem with internal heat source [14]. The unit cell

as shown in Fig. 1(b) by dashed lines is taken as the

analytical domain, and it is assumed that the fluid

temperature is averaged over the height of the micro-

channel, with Tf ¼ TfðxÞ, so the fluid temperature TfðxÞ is
the bulk mean fluid temperature over the cross-section.

According to the fin theory, the variation of the tem-

perature T along the solid plate is governed by

d2T
dy2

� 2h
kst

Tð � TfÞ ¼ 0 ð1Þ

where h is the interfacial coefficient and ks is the solid
conductivity.

Subjected to the boundary condition T ¼ Tw at y ¼ 0
and dT=dy ¼ 0 at y ¼ H , Eq. (1) can be solved to get

T ðx; yÞ ¼ TfðxÞ þ ðTw � TfðxÞÞ
coshf

ffiffiffiffiffiffiffi
2Bi

p
ðH � yÞ=tg

coshð
ffiffiffiffiffiffiffi
2Bi

p
H=tÞ

ð2Þ

where Bi ¼ ht=ks is the Biot number. From Eq. (2) the

average plate temperature is obtained as
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T ðxÞ ¼ TfðxÞ þ ðTw � TfðxÞÞ
tanhf

ffiffiffiffiffiffiffi
2Bi

p
H=tgffiffiffiffiffiffiffi

2Bi
p

H=t
ð3Þ

Consequently, the total heat lost to the cooling medium

per unit length of heat sink is

qðxÞ ¼ �kst
dT
dy

����
y¼0

¼
ffiffiffiffiffiffiffi
2Bi

p
ksðTw � TfðxÞÞ tanh

ffiffiffiffiffiffiffi
2Bi

p H
t

� �
ð4Þ

To complete the solution, the mean fluid temperature

along the stream direction TfðxÞ needs to be solved. Note
that the fin approach does not consider the fluid tem-

perature variation in the transverse direction, whereas in

reality the temperature of the fluid situated near the

bottom plate is warmer than that farther away from it.

As a result, the following energy balance equation is

obtained

_mmCf dTfðxÞ ¼ ½qðxÞ þ qplatedx ð5Þ

where _mm ¼ qfaHum is the mass flow rate, and qplate ¼
ha Tw � TfðxÞð Þ is the heat flux per unit length from the

bottom wall. From Eq. (5), the solution of the mean

fluid temperature is obtained as

TfðxÞ ¼ Tw � ðTw � T0Þ exp
�
� x
L�

�
ð6Þ

where

L� ¼ qfCfumH
h

1

(
þ t
a

ffiffiffiffiffi
2

Bi

r
tanh

ffiffiffiffiffiffiffi
2Bi

p H
t

� �)�1

ð7Þ

is the characteristic length scale of the problem. For

efficient heat transfer, the microchannel heat sink should

not be designed to be much longer than the character-

istic length scale. From Eq. (6), the average fluid tem-

perature inside the heat sink is obtained as

T f ¼ T0 þ ðTw � T0Þ 1



� L�

L
½1� expð � L=L�Þ

�
ð8Þ

The overall heat transfer coefficient h of the micro-
channel heat sink can be defined as

h ¼ Q
Lðt þ aÞDTm

ð9Þ

where Q is the total heat transfer rate per channel:

Q ¼ qfumCfHaðTfðLÞ � Tfð0ÞÞ
¼ qfumCfHaðTw � T0Þf1� expð�L=L�Þg ð10Þ

whereas DTm is the logarithmic mean temperature dif-
ference:

DTm ¼ ðTw � T0Þ � ðTw � TLÞ
ln½ðTw � T0Þ=ðTw � TLÞ

ð11Þ

It can be easily verified from Eqs. (6), (8) and (11) that

DTm ¼ Tw � T f . The final expression for h is

h ¼ qfumCfHa
ðt þ aÞL�

¼ a
t þ a

h 1

"
þ t
a

ffiffiffiffiffi
2

Bi

r
tanh

ffiffiffiffiffiffiffi
2Bi

p H
t

� �#
ð12Þ

3.2. Constant wall heat flux

For the constant wall heat flux boundary condition,

with the assumption of uniform heat flux qw in the di-
rection normal to the bottom surface and thermal in-

sulation at the top surface:

�ks
dT
dy

����
y¼0

¼ qw and ks
dT
dy

����
y¼H

¼ 0

and by following the procedures outlined above for the

case of constant wall temperature, the solution for the

solid plate temperature can be obtained as:

T ðx; yÞ ¼ TfðxÞ þ
qwt

ks
ffiffiffiffiffiffiffi
2Bi

p coshf
ffiffiffiffiffiffiffi
2Bi

p
ðH � yÞ=tg

sinhð
ffiffiffiffiffiffiffi
2Bi

p
H=tÞ

ð13Þ

The average solid plate temperature along the vertical

direction is

T ðxÞ ¼ TfðxÞ þ
qwt
2hH

ð14Þ

and the temperature difference between the solid plate

and the coolant is

TwðxÞ � TfðxÞ ¼
qwt

ks
ffiffiffiffiffiffiffi
2Bi

p tanh�1
ffiffiffiffiffiffiffi
2Bi

p
H

t

 !
ð15Þ

By energy balance, the mean fluid temperature along the

stream direction can be obtained as:

TfðxÞ ¼ T0 þ
qwðt þ aÞ
qfaHumCp

x ð16Þ

From Eq. (15), it is seen that the temperature difference

between the plate and fluid is independent of x, an in-

trinsic feature of heat transfer in ducts with constant

wall heat flux. Thus, the overall heat transfer coefficient

h can be defined as

h ¼ qw
TwðxÞ � TfðxÞð Þ ð17aÞ

Substitution of Eqs. (15) and (16) into Eq. (17a) results

in:

h ¼ ks
ffiffiffiffiffiffiffi
2Bi

p

t
tanh

ffiffiffiffiffiffiffi
2Bi

p
H

t

 !
ð17bÞ
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3.3. Interfacial heat transfer coefficient

It should be noted that the interfacial heat transfer

coefficient (h) appearing in the above solutions is yet to

be determined. For fully developed channel flow, accu-

rate correlations of h for laminar heat transfer are

available in the open literature. In the present investi-

gation, the correlation in terms of channel aspect ratios

(as) obtained by Kim and Kim [9] will be employed,

which is given by

Nu1 ¼ hDh

kf
¼ 2:253þ 8:164 as

as þ 1

� �1:5
for Re < 2000

ð18Þ

4. Porous medium model

Up to now, the heat transfer of a microchannel heat

sink for both constant heat flux and constant wall

temperature boundary conditions have been investigated

by using the fin approach, leading to analytical solutions

for the overall heat transfer coefficient and temperature

distributions. As previously discussed, the fin approach

assumes constant fluid temperature along the height of

the channel wall. In the following section, this assump-

tion will be relaxed and the analytical solution for con-

stant heat flux boundary condition will be obtained by

using porous media approach. However, for the case of

constant wall temperature, an analytical solution is dif-

ficult, if not impossible, to obtain, and hence will be

solved later by using the numerical method described in

Section 5.

The approach is similar to that used by Kim and Kim

[9,10] and hence only a few important equations will be

listed for reference. The extended Darcy equation pro-

posed by Vafai and Tien [15] for fluid flow and the

volume-averaged two-equation model [16] for heat trans-

fer are used. The governing equations and the corre-

sponding boundary conditions are

� d

dx
hpif þ lf

d2

dy2
huif �

lf
K

ehuif ¼ 0 ð19Þ

kse
o2hT is
oy2

¼ h~aaðhT is � hT ifÞ ð20Þ

eqfCfhuif
ohT if
ox

¼ h~aaðhT is � hT ifÞ þ kfe
o2hT if
oy2

ð21Þ

huif ¼ 0 at y ¼ 0;H ð22Þ

hT is ¼ hT if ¼ Tw at y ¼ 0 ð23Þ

ohT is
oy

¼ ohT if
oy

¼ 0 at y ¼ H ð24Þ

where h i represents a volume-averaged value, and kse;
T ; h; ~aa; qf ;Cf and kfe are effective thermal conductivity
of the solid, temperature, interfacial heat transfer coeffi-

cient, wetted area per volume, density, heat capacity and

effective thermal conductivity of the fluid, respectively.

For the microchannel heat sink shown in Fig. 1, the

porosity, permeability, and effective conductivities can

be written as

e ¼ a
aþ t

; K ¼ ea2

12
; kse ¼ 1ð � eÞks; kfe ¼ ekf ð25Þ

Eqs. (19)–(21) can be nondimensionalised by introduc-

ing the following variables:

U ¼ huif
um

; Da ¼ K
H 2

; Y ¼ y
H
; P ¼ K

elfum

dhpif
dx

;

hs ¼
hT is � hT iw

qwH=ð1� eÞks
; hf ¼

hT if � hT iw
qwH=ð1� eÞks

ð26Þ

On the other hand, for fully developed flow subjected to

a constant heat flux, it is known that:

ohT if
ox

¼ ohT is
ox

¼ dTw
dx

¼ constant ð27Þ

and, from energy balance,

qw ¼ eqfCfumH
ohT if
ox

ð28Þ

In summary, the nondimensionalised governing equa-

tions and boundary conditions are given by:

U ¼ Da
e
d2U
dY 2

� P ð29Þ

d2hs
dY 2

¼ ~BBiðhs � hfÞ ð30Þ

U ¼ ~BBiðhs � hfÞ þ
ekf

ð1� eÞks
d2hf
dY 2

ð31Þ

U ¼ hs ¼ hf ¼ 0 at Y ¼ 0 ð32Þ

U ¼ dhs
dY

¼ dhf
dY

¼ 0 at Y ¼ 1 ð33Þ

where ~BBi ¼ h~aaH 2=ð1� eÞks.
From Eqs. (29), (32) and (33), the velocity distribu-

tion in the heat sink is obtained as:

U ¼ P cosh

ffiffiffiffiffiffi
e
Da

r
Y

� �
þ P

1� cosh
ffiffiffiffi
e
Da

p� �
sinh

ffiffiffiffi
e
Da

p� �
� sinh

ffiffiffiffiffiffi
e
Da

r
Y

� �
� P ð34Þ

Since
R 1
0
U dY ¼ 1, one obtains from Eq. (34) that
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P ¼
sinh

ffiffiffiffi
e
Da

p� �
2
ffiffiffiffi
Da
e

q
cosh

ffiffiffiffi
e
Da

p� �
� 1

n o
� sinh

ffiffiffiffi
e
Da

p� � ð35Þ

Now, because dhpi=dx ¼ 12lfumP=a2, it follows from
Eq. (35) that

Dhpi ¼
Z L

0

12lfumP
a2

dx ¼ 12lfumP
a2

L ð36Þ

from which the friction factor is obtained as

f ¼ DhpiDh

Lqfu2m=2
¼ 96P

Re
as

1þ as

� �2
ð37Þ

Upon substitution of the velocity solution Eq. (34) into

Eqs. (30) and (31) and after some tedious manipulations

by following the procedures of Kim and Kim [9], the

final temperature solutions for both the solid and fluid

phases are obtained as:

hf ¼
P

1þ ~kk

2
64� 1

2
Y 2 þ C1Y þ C6

� C3 cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~BBi 1þ ~kk
� �

~kk

vuut
Y

0
BB@

1
CCA

� C4 sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~BBi 1þ ~kk
� �

~kk

vuut
Y

0
BB@

1
CCA
3
775

þ PC7
1þ ~kk

cosh

ffiffiffiffiffiffi
e
Da

r
Y

� �8<
:
2
4

þ
1� cosh

ffiffiffiffi
e
Da

p� �
sinh

ffiffiffiffi
e
Da

p� � sinh

ffiffiffiffiffiffi
e
Da

r
Y

� �9=
;
3
5 ð38Þ

hs ¼ P
Da
e

cosh

ffiffiffiffiffiffi
e
Da

r
Y

� �8<
:

2
4

þ
1� cosh

ffiffiffiffi
e
Da

p� �
sinh

ffiffiffiffi
e
Da

p� � sinh

ffiffiffiffiffiffi
e
Da

r
Y

� �9=
;� 1

2
Y 2

þ C1Y þ C2

3
5� ~kkhf ð39Þ

where

~kk ¼ ekf
ð1� eÞks

; C1 ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffi
Da=e

p
ðcoshð

ffiffiffiffiffiffiffiffiffiffiffi
e=Da

p
� 1ÞÞ

sinhð
ffiffiffiffiffiffiffiffiffiffiffi
e=Da

p
Þ

D1 ¼ ~BBið1þ ~kkÞ � ~kke=Da; C2 ¼
�Da

e
; C3 ¼

�~kk e
Da

½ ~BBið1þ ~kkÞD1

C4 ¼
ðN1 þ N2Þ

~BBið1þ ~kkÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~BBið1þ ~kkÞ=~kk

q
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~BBið1þ ~kkÞ=~kk

q� �
sinhð

ffiffiffiffiffiffiffiffiffiffiffi
e=Da

p
ÞD1

+ ,

C5 ¼
1

D1
; C6 ¼

�Da
e

þ 1

½ ~BBið1þ ~kkÞ
; C7 ¼

Da
e

� 1

D1

N1 ¼ ~BBið1þ ~kkÞ
ffiffiffiffiffiffiffiffiffiffiffi
e=Da

p
f1� coshð

ffiffiffiffiffiffiffiffiffiffiffi
e=Da

p
Þg

N2 ¼
~kke

Da
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~BBið1þ ~kkÞ=~kk

q
sinhð

ffiffiffiffiffiffiffiffiffiffiffi
e=Da

p
Þ sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~BBið1þ ~kkÞ=~kk

q� �

Note that the local heat transfer coefficient h appearing

in the above coefficients is still given by Eq. (18).

Finally, the overall heat transfer coefficient is ob-

tained as

�hh ¼ qw
TwðxÞ � Tf ;bðxÞ

¼ � ð1� eÞks
Hhf ;bðxÞ

ð40Þ

where hf ;bðxÞ is the bulk mean fluid temperature aver-
aged along the cross section of the channel, given by

hf ;bðxÞ ¼
Tf ;bðxÞ � TwðxÞ
qwH=ð1� eÞks

¼
R 1
0
Uhf dYR 1
0
U dY

ð41Þ

The overall Nusselt number for the microchannel heat

sink is:

Nu ¼ hH
kf

¼ �ð1� eÞks
kfhf;b

ð42Þ

5. Numerical analysis

So far, the analytical solution based on porous me-

dium approach has been obtained only for the constant

heat flux boundary condition. However, in order to

simplify the problem so that an analytical solution can

be obtained, those terms representing conduction in the

stream direction have been neglected in the energy

equations. Furthermore, for the constant wall tempera-

ture boundary condition, it is very difficult to solve the

problem analytically, even if the axial conduction terms

are ignored. Consequently, it is necessary to conduct full

numerical calculations in order to check the accuracy of

the analytical solutions and to solve the problem asso-

ciated with constant wall temperature boundary condi-

tions.

In the present numerical calculation, a fully devel-

oped velocity field is assumed and hence the momentum

Eq. (19) remains unchanged, whereas the energy equa-

tions (20) and (21) are modified as:
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0 ¼ o

ox
kse

oTs
ox

� �
þ o

oy
kse

oTs
oy

� �
� hsf ~aaðTs � TfÞ ð43Þ

eqfCfu
oTf
ox

¼ o

ox
kfe

oTf
ox

� �
þ o

oy
kfe

oTf
oy

� �
þ hsf ~aaðTs � TfÞ ð44Þ

The first term on the right hand side of Eqs. (43) and

(44) is the contribution from axial conduction previously

ignored. For brevity, the bracket h i representing vol-
ume averaging has been dropped in these equations. The

boundary conditions are specified as follows:

q ¼ qw ¼ kfe
oTf
oy

����
y¼0

þ kse
oTs
oy

����
y¼0

ð45aÞ

Ts ¼
Tf ; at y ¼ 0 constant heat flux
Tf ¼ Tw; at y ¼ 0 constant wall temperature



ð45bÞ

q ¼ 0 at y ¼ H ð45cÞ

Tf ¼ T0 and
oTs
ox

¼ 0 at x ¼ 0 ð45dÞ

oTs
ox

¼ 0 and
oTf
ox

¼ 0 at x ¼ L ð45eÞ

The above 2-D heat transfer problem is solved by using

the ADI finite difference scheme, with 127� 46 uniform
grid spacings used in the x- and y-directions, respec-

tively. The convergence criterion is that the change in

the solid-phase and fluid-phase temperatures is less than

10�5 between successive iterations.

6. Results and discussion

In order to compare the analytical solutions from the

two different approaches, Eqs. (13)–(16) derived from

the fin approach need to be nondimensionalised in the

same way as those in the porous medium approach.

Thus, the analytical solutions from the fin approach are

rearranged as follows:

hsðY Þ ¼
ð1� eÞ2

eas
ffiffiffiffiffiffiffi
2Bi

p

�
cosh

ffiffiffiffiffiffiffi
2Bi

p
eas
1�e ð1� Y Þ

- .
� cosh

ffiffiffiffiffiffiffi
2Bi

p
eas
1�e

- .
sinh

ffiffiffiffiffiffiffi
2Bi

p
eas
1�e

- .
ð46Þ

hf ¼ � ð1� eÞ2

eas
ffiffiffiffiffiffiffi
2Bi

p cosh
ffiffiffiffiffiffiffi
2Bi

p
eas
1�e

- .
sinh

ffiffiffiffiffiffiffi
2Bi

p
eas
1�e

- . ð47Þ

Nu ¼ eas
1� e

ks
kf

ffiffiffiffiffiffiffi
2Bi

p
tanh

ffiffiffiffiffiffiffi
2Bi

p eas
1� e

� �
ð48Þ

Note that the Biot number Bi appearing in the above

equations for the fin approach is related to the effective

thermal conductivity ratio (~kk), local Nusselt number
(Nu1), porosity (e), and aspect ratio (as) by

Bi ¼ ht
ks

¼
~BBi

2 e
1�e

- .2
a2s

¼
~kkNu1 as þ 1ð Þ
2 e

1�e

- .2
as

ð49Þ

6.1. Effect of channel aspect ratio ðasÞ

For fixed values of effective thermal conductivity

ratio (~kk ¼ 0:004) and porosity (e ¼ 0:5), Figs. 2 and 3
show the nondimensional solid and fluid temperature

distributions predicted from the fin approach and the

porous medium model, for two different aspect ratios,

as ¼ 2 and 10, respectively. For the solid temperature,
both approaches predict, correctly, that the solid tem-

perature decreases from the heated bottom wall to the

insulated top wall. However, it is seen from Figs. 2(a)

and 3(a) that the discrepancy between the two predic-

tions is large, and this discrepancy increases as the as-

pect ratio as is increased. On the other hand, for the fluid
temperature, Figs. 2(b) and 3(b) show different trends

for the two approaches. The fin approach leads to a

constant temperature distribution in the transverse di-

rection of the channel, whilst the porous medium ap-

proach predicts that the fluid temperature first decreases

sharply from its maximum value at the bottom wall,

Fig. 2. Dimensionless temperature distributions for as ¼ 2, e ¼ 0:5 and ~kk ¼ 0:004: (a) solid; (b) fluid.
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reaches a minimum, and then increases gradually due to

the effect of the top wall temperature. Kim and Kim [9]

have shown that the temperature distribution predicted

by the porous medium approach is accurate in com-

parison with the numerical solutions to within 4.0%. Our

own numerical simulation (see Sections 5 and 6.6) has

also confirmed that the porous medium approach yields

accurate predictions. Therefore, it may be concluded

that the large discrepancy exhibited by the results of the

fin approach from those of the porous medium ap-

proach is attributable to the constant fluid temperature

assumption invoked by the fin approach.

Fig. 4 shows the effect of as on the overall Nusselt
number for ~kk ¼ 0:004 and e ¼ 0:5. Both approaches
predict that the overall Nusselt number increases with

increasing aspect ratio (as), although the predicted value
from the fin approach is approximately twice that of the

porous medium approach for a given as. In other words,
the assumption of constant fluid temperature by the fin

approach leads to an overestimation of the heat transfer

performance for microchannel heat sinks.

6.2. Effect of thermal conductivity ratio(~kk)

For a given aspect ratio (as ¼ 10) and porosity

(e ¼ 0:5), the solid and coolant temperature distribu-
tions are presented in Figs. 5 and 6, for ~kk ¼ 0:001 and
0.01, respectively. Again, a large discrepancy exists be-

tween the results from the two different approaches,

increasing as the thermal conductivity ratio is increased.

With as ¼ 10 and e ¼ 0:5, the overall Nusselt number is
plotted as a function of the thermal conductivity ratio in

Fig. 7. It is seen that both approaches predict that Nu
decreases with increasing ~kk, but the prediction from the
fin approach is about twice that by the porous medium

approach.

6.3. Effect of porosity (e)

For any microchannel heat sink design, it is im-

portant to know if an optimal porosity exists for

maximum heat dissipation and, if it does exist, how it

varies with the Reynolds number, geometrical param-

eters such as the channel aspect ratio, and mode of heat

transfer (laminar versus turbulent). Fig. 8 plots the

overall Nusselt number as a function of porosity for

as ¼ 10 and ~kk ¼ 0:004. Whilst the fin approach predicts
that Nu increases monotonically with e, the porous
medium approach predicts that Nu reaches its maxi-
mum when e ffi 0:42. However, this optimal porosity is
not independent of channel aspect ratio and thermal

conductivity ratio. With ~kk ¼ 0:004, Fig. 9 presents the
variation of Nu with porosity for three aspect ratios:
as ¼ 10, 5 and 1. It is seen that the optimal porosity
increases as as is reduced. Fig. 10 plots the optimised
porosity eopt as a function of as for ~kk ¼ 0:004. It is seen
that the optimised porosity decreases nearly linearly

with increasing as, with eopt ¼ 0:9 at as ¼ 1 and eopt ¼
0:5 at as ¼ 10. With Numax representing the overall
Nusselt number of a microchannel heat sink designed at

the optimal porosity, Fig. 11 presents the variation of

Fig. 3. Dimensionless temperature distribution for as ¼ 10, e ¼ 0:5 and ~kk ¼ 0:004: (a) solid; (b) fluid.

Fig. 4. Overall Nusselt number plotted as a function of channel

aspect ratio as for e ¼ 0:5 and ~kk ¼ 0:004.
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Numax with as for ~kk ¼ 0:004. Again, Numax is approxi-
mately a linear function of as, and the value of Numax
increases from about 10 at as ¼ 1 to about 210 at
as ¼ 10.
Fig. 12 presents the heat transfer efficiency factor

~JJmax=f as a function of the channel aspect ratio for

~kk ¼ 0:004. Here, f is the friction factor defined in Eq.

(37), and ~JJmax ¼ Numax=Re is the modified j-Colburn

factor corresponding to the optimised porosity. The

thermal efficiency of a microchannel heat sink is seen

from Fig. 12 to increase linearly as the channel aspect

ratio is increased.

Fig. 5. Dimensionless temperature distributions for as ¼ 10, e ¼ 0:5 and ~kk ¼ 0:001: (a) solid; (b) fluid.

Fig. 6. Dimensionless temperature distributions for as ¼ 10, e ¼ 0:5 and ~kk ¼ 0:01: (a) solid; (b) fluid.

Fig. 7. Overall Nusselt number plotted as a function of effective

thermal conductivity ratio ~kk for e ¼ 0:5 and as ¼ 10:
Fig. 8. Overall Nusselt number plotted as a function of po-

rosity for ~kk ¼ 0:004 and as ¼ 10.
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6.4. Effect of turbulence heat transfer

In this section, the effect of turbulence on micro-

channel heat transfer is considered. Turbulence in the

channel may be induced by surface roughness and/or

high Reynolds numbers. Strictly speaking, the inertia

term should be included in the momentum equation (19)

to account for the turbulence effect on coolant velocity.

In the present study, however, the effect of turbulence on

heat transfer will be calculated approximately, and its

effect on velocity distribution will not be examined.

Furthermore, the effect of thermal diffusion on the

overall transport is considered negligible, because the

dominant mode of transport is by conduction through

the solid phase and interfacial convection, which is lar-

gely unaffected by dispersion. Thus, the turbulence effect

can be considered by modifying the interfacial heat

transfer coefficient, h; the rest of the governing equations

and boundary conditions remain unchanged as in the

laminar case. The fully developed turbulent heat transfer

in a microchannel can be correlated as [7]:

Nu1 ¼ hDh

kf
¼ 0:040Re3=4 Pr

1=3

for ReP 2000 ð50Þ

Fig. 13 shows the variation of Nu with Re for ~kk ¼ 0:004,
as ¼ 10 and e ¼ 0:5; predictions from both the fin ap-

Fig. 9. Overall Nusselt number plotted as a function of po-

rosity for ~kk ¼ 0:004 and selected values of as.

Fig. 10. Optimised porosity (eopt) plotted as a function of
channel aspect ratio (as) for ~kk ¼ 0:004.

Fig. 11. Maximum overall Nusselt number plotted as a func-

tion of channel aspect ratio (as) for ~kk ¼ 0:004.

Fig. 12. Optimised thermal efficiency factor plotted as a func-

tion of channel aspect ratio (as) for ~kk ¼ 0:004.

Fig. 13. Variation of Nu with Re for turbulent heat transfer,

with ~kk ¼ 0:004, as ¼ 10 and e ¼ 0:5.
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proach and the porous medium model are included. The

effect of porosity on Nu is presented in Fig. 14 for se-
lected values of Re, with ~kk ¼ 0:004 and as ¼ 10. Only the
predictions from the porous medium model are shown in

Fig. 14, and it is seen that the optimised porosity de-

creases as the Reynolds number is increased. The com-

parison of the optimised porosity between laminar and

turbulent flow is shown in Fig. 15 for ~kk ¼ 0:004. For a
fixed channel aspect ratio as, the optimised porosity
decreases by about 20% when the flow changes from

laminar to turbulent.

6.5. Microchannel heat sink in combination with micro-

heat pipes

With the vapour deposition technique [12,13], a series

of small triangular grooves can be fabricated onto the

channel wall as illustrated in Fig. 16, allowing an array

of miro heat pipes to be constructed. The heat transfer

in microheat pipes involves the liquid–vapour phase

change, and its analysis is complicated. In this paper, by

using a lumped capacitance technique, the microheat

pipes are modelled as homogeneous, solid regions em-

bedded in the plates with an effective thermal conduc-

tivity kpipe. The effective thermal conductivity of a

microheat pipe is assumed to be �10 times that of
copper or silicon [13,14]. With the assumption that the

microheat pipes are arranged periodically along the x-

direction and the temperature across the thickness of the

plate (t) is uniform, the equivalent solid conductivity of

the channel wall incorporating the microheat pipes can

be obtained as follows:

ks;eq ¼
Apipe
A

kpipe þ
As
A
ks

¼ 2b
2

st
tan

/
2
kpipe þ 1

�
� 2b

2

st
tan

/
2

�
ks ð51Þ

where / is the angle of the triangular groove of the heat
pipe. If it is further assumed that Apipe=A ¼ 0:1 and
ks=kf ¼ 1000, one finds from (51) that ks;eq=kf ¼ 2400.
The porous medium model is used to complete the

analysis. The comparison of the overall heat transfer is

shown in Fig. 17(a) for microchannels with and with-

out microheat pipes. It can be seen that the enhance-

ment in heat transfer due to the incorporation of heat

pipes becomes significant as the channel aspect ratio

increases. If the solid-to-fluid conductivity ratio is re-

duced to ks=kf ¼ 100, corresponding to the case of high

Fig. 14. Variation of Nu with porosity for selected values of
Reynolds number, with ~kk ¼ 0:004, as ¼ 5.

Fig. 15. Optimised porosity (eopt) as a function of channel as-
pect ratio: effect of heat transfer mode.

Fig. 16. Triangular grooves on both sides of channel wall as

microheat pipes.
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conducting coolant such as water, the effect of heat pipes

becomes more significant, as shown in Fig. 17(b). For

example, at as ¼ 10, the heat transfer capability of the
microchannel heat sink is nearly doubled due to mi-

croheat pipes. The effect will be more pronounced as the

cross-sectional area of the channel wall occupied by the

microheat pipes is increased.

6.6. Numerical simulation

It should be pointed out that above analytical solu-

tions are based on the assumption that the effect of axial

conduction is negligibly small. In order to verify that

this assumption is reasonable, 2-D numerical calcula-

tions as outlined in Section 5 are conducted. The com-

parison between the analytical and numerical results is

plotted in Fig. 18. It can be seen that the agreement

between the analytical solutions and numerical results is

very good. It indicates that analytical solutions based on

the porous medium approach can give explicit and ac-

curate predictions for the case of constant heat flux. The

same conclusion is reached by Kim and Kim [9].

6.7. Constant heat flux versus constant wall temperature

For the constant wall temperature boundary condi-

tion, it is very difficult to solve the heat transfer problem

analytically by using the porous medium approach, and

hence 2-D numerical calculations have been conducted.

Fig. 19 shows the comparison of the results between the

two different boundary conditions, with e ¼ 0:5 and
~kk ¼ 0:004. Overall, the difference between the two sets of
results is small, with the overall Nusselt number from

the constant heat flux condition slightly higher than that

from the constant wall temperature condition for larger

channel aspect ratios (as > 8).

7. Conclusions

In this paper, the heat transfer performance of mi-

crochannel heat sinks has been analysed by using the fin

approach and the porous medium approach. The results

shows that the fin approach significantly overestimates

the heat transfer due to the assumption of constant fluid

Fig. 17. Effect of microheat pipes on overall Nusselt number as a function of channel aspect ratio: (a) kf=ks ¼ 0:001; (b) kf=ks ¼ 0:01.

Fig. 18. Overall Nusselt number as a function of channel aspect

ratio: analytical modelling versus numerical calculation for

e ¼ 0:5 and ~kk ¼ 0:004.

Fig. 19. Overall Nusselt number as a function of channel aspect

ratio: effect of heat transfer boundary conditions for e ¼ 0:5
and ~kk ¼ 0:004.

4868 C.Y. Zhao, T.J. Lu / International Journal of Heat and Mass Transfer 45 (2002) 4857–4869



temperature in the direction perpendicular to coolant

flow. The analytical solution based on the porous me-

dium approach agrees excellently with 2-D numerical

calculations. Furthermore, unlike the porous medium

model, the fin approach fails to predict the existence of

an optimal porosity, and hence is deemed unsuitable for

designing microchannel heat sinks. The optimised po-

rosity (eopt) decreases as the channel aspect ratio (as)
increases or if the mode of heat transfer is changed from

laminar to turbulent. It is also found that microchannel

heat sinks incorporating microheat pipes have signifi-

cantly higher heat transfer capabilities in comparison to

those without, particularly if the channel aspect ratio is

relatively large and the coolant is a high conducting

liquid instead of air. The study shows that the effect of

heat transfer boundary conditions (constant heat flux

versus constant wall temperature) on the overall Nusselt

number of a microchannel heat sink is small.
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